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The theory proposed by Jeffreys to explain roll-wave transition on a liquid surface is applied 
to the concurrent flow of a gas and liquid. Dota ore presented for the concurrent flow of oir 
with water-glycerine solutions, water-butanol solutions, and water-sodium loury1 sulfate solutions. 
Agreement is obtained between theory and experiment. 

Waves moving over a stationary 
deep liquid cause particles in the bulk 
fluid to move in circular paths. How- 
ever if the fluid is shallow compared 
with the wave length, fluid particles 
are disturbed much more in the direc- 
tion of propagation of the wave than 
perpendicular to this direction. For 
this case a shallow water approxima- 
tion holds; pressure variation in a di- 
rection perpendicular to the wave 
propagation may be assumed to occur 
only because of variation of the hydro- 
static head ( 3 6 ) .  For a flowing liquid 
similar long wave length disturbances 
occur which might be thought of as 
surges in the volumetric flow of the 
liquid. From a consideration of the law 
of conservation of mass (28) it can be 
shown that the crests of long wave 
length disturbances on a flowing liquid 
move faster than the troughs. This will 
cause the downstream end of the wave 
to steepen and to roll over upon itself. 
Such waves are called roll waves. 
They were first described by Cornish, 
who observed them in water runways 
in the mountains (8). Photographs of 
them are given by Cornish in his book. 
These waves which occur in inclined 
liquid flows are important in drainage 
problems and have received extensive 
treatment in the literature (9, 1 1 ,  19, 
24, 34, 35, 36, 3 7 ) .  Roll waves have 
also been noted in wetted wall towers 
(14 ,  20), where they can increase the 
rates of mass transfer and make the 
interpretation of data obtained in these 
systems more difficult. Waves similar 
in appearance to the roll waves ob- 
tained in open channel flows have also 
been reported in the concurrent flow 
of a gas and a liquid film (15, 18, 25, 
26, 3 3 ) .  These should be of interest in 
obtaining an understanding of some of 
the phenomena occurring in two-phase 
transport in a pipeline. They are also 
of interest in film cooling since they 
cause larger heat transfer rates through 
the film to the wall than if the film 
were undisturbed. This paper deals 
with the prediction of conditions under 
which these long wave disturbances 
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occur in gas-liquid flows. It will be 
shown that they arise because of a 
natural instability in the flow, and 
that the disturbances occurring in the 
gas-liquid flow system studied in this 
laboratory are describable by the same 
theory as has been used to predict the 
appearance of roll waves in open 
channel flows. 

The first theoretical prediction for 
the conditions under which roll waves 
will appear was made by Jeffreys 
(22) who considered the case of tur- 
bulent flow in an open inclined chan- 
nel. He used an integral momentum 
balance and an integral mass balance. 
By introducing a small disturbance 
into the equations for uniform flow 
and examining the conditions under 
which the disturbance will grow Jef- 
freys predicted for a flow obeying the 
Chezy resistance formula the channel 
inclination at which roll waves appear. 
Lighthill and Whitman (28, 29) sug- 
gested a criterion for the initiation of 
roll waves as the equivalence of the 
kinematic and dynamic wave velocities 
defined by them. 

For the free flow of a film down a 
vertical wall roll waves usually occur 
when the flow is laminar. Unlike the 
case of flow in a sloping channel, 
gravity cannot act as a restoring force 
for disturbances on the liquid surface. 
The waves that appear are inffuenced 
by surface tension and are therefore of 
smaller wave length than those ap- 
pearing in inclined channels. However 
since these flows generally involve 
very thin films, the wave length is 
much larger than the film thickness. 
Kapitza (23)  used a shallow water ap- 
proximation in considering their stabil- 
ity. He employed an integral approach 
in that he considered the average ve- 
locity in the film and introduced sur- 
face tension into his analysis through 
the pressure gradient term in the 
equations of motion. Yih ( 3 9 )  and 
Benjamin ( 1 )  applied the Orr-Som- 
merfeld equation to flow down a verti- 
cal wall. They considered solutions for 
small values of the product of the 
wave number and the Reynolds num- 
ber. Since the wave number is in- 
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versely proportional to the wave 
length, their restriction is similar to a 
shallow water assumption. Benjamin 
obtained quite different results from 
Yih; however Benjamin’s analysis is 
consistent with the results obtained 
by Kapitza and the theory used in this 
paper. 

The initiation of roll waves by an 
air stream blowing over a horizontal 
%owing water film has been described 
by Hanratty and Engen ( 1 5 ) .  These 
experiments were conducted in a 1-in. 
x Win.  channel. Water was injected 
on the bottom of the channel and air 
was blown over the water surface, the 
traction of the air supplying the mo- 
tive force for the liquid film. The 
channel was long enough that the flow 
downstream in the water and the air 
were fully developed and that there 
was no effect of fetch on the observa- 
tions. The liquid flow was controlled 
at a fixed rate, and the changes in the 
interfacial structure were noted with 
increasing gas flow rate. At low gas 
flows there were no noticeable dis- 
turbances on the liquid surface. The 
first disturbances to appear were a 
train of very small amplitude waves 
which extended over the whole width 
of the channel. With further increase 
in gas flow these two-dimensional 
waves broke up into a three-dimen- 
sion pebbled structure. At high enough 
gas rates roll waves which extended 
over most of the width of the channel 
appeared over the pebbled surface. At 
first only an occasional roll wave ap- 
peared on the surface. As the gas flow 
increased, their frequency of appear- 
ance increased and the distance be- 
tween successive roll waves decreased. 
At high enough gas flow rates a large 
number of these waves were visible on 
the liquid surface at any given time. 
Kinney, Abramson, and Sloop (25) 
and Knuth ( 2 6 )  reported the initiation 
of roll waves by air on a liquid film 
flowing along a horizontal pipe. Their 
experiments were conducted under 
flow conditions comparable to those 
existinq in film cooled rocket motors 
and therefore involved much higher 
gas Reynolds numbers and much thin- 
ner liquid films (0.0005 to 0.005 in.) 
than those in the experiments reported 
by Hanratty and Engen. 
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the direction of flow is the pressure. 
Using this assumption and Equation 
(4) one may write an integral momen- 
tun1 balance as follows: 

t * 
9 

Fig. 1. Flow system 

In this paper Jeffrey's theory will 
be extended to explain the initiation of 
roll waves by a turbulent air stream. 
Integral mass and momentum balances 
will be written for the combined air 
and liquid flows. Linearized perturba- 
tion theory will be used. An infinitesi- 
mal disturbance will be applied to the 
integral equations, and the conditions 
under which this disturbance will grow 
will be calculated by determining the 
neutral stability condition. As is the 
case in all linearized stability calcula- 
tions the properties of the waves at 
neutral stability condition may have 
little relation to the properties of the 
disturbed flow which evolves from the 
initial infinitesimal disturbance. In the 
present calculations it is assumed that 
an infinitesimal sinusoidal wave grows 
into the highly unsymmetrical roll 
waves. Therefore it should not be sur- 
prising if the velocity or wave length 
of initial disturbance does not agree 
exactly with those of the observed roll 
waves. 

The stability criterion will be devel- 
oped in a general way. Then specific 
cases will be considered so that solu- 
tions with and without an air flow can 
be compared. The approximate theory 
will be shown to give satisfactory 
agreement with the exact solution of 
Benjamin for free flow of laminar films. 
The theory will be compared with the 
results of experiments performed in 
the same equipment used by Hanratty 
and Engen. In the previous paper on 
this work from this laboratory (15) 
results were presented which indicated 
that the roll-wave transition was not 
reproducible. These results have been 
traced to a faulty flowmeter. All of the 
transitions reported in this paper were 
easily discerned and were reproduci- 
ble. In addition liquid film heights 
have been measured and the results 
have been extended to include fluids 
with different viscosities and surface 
tensions. Runs were also performed 
with a surface active agent which had 
the effect of eliminating all waves from 
the liquid surface. The roll-wave tran- 
sition occurred on a smooth liquid film 
in a laminar flow. Therefore the theo- 
retical analysis presented includes 
transition for the case of a smooth sur- 

Vol. 7, No. 3 

\ y-0 
treated in theory. 

face as well as a flow disturbed by 
waves. 

The same results which are obtained 
by an extension of Jeffrey's theory can 
also be obtained by an extension of 
the theory of Lighthill and Whitman 
(28, 29). This equivalence of the two 
theories is discussed in a report by the 
authors ( 1 6 ) .  

THEORY 

Development of the integral Equations 
for the Liquid 

Consider the flow system sketched 
in Figure 1. Since films having very 
large breadths compared with their 
heights will be considered, a two-di- 
mensional incompressible flow will be 
assumed. An integral mass balance 
may be written as 

When one defines an average velocity 
as 

the mass balance becomes 

8% ah ah 
ax ax a0 

h - + u a - + - = O  (3)  

If the wave length of the disturb- 
ances on the film are large compared 
with their height the flow in the y di- 
rection will be small and will have a 
negligible effect on the variation of 
the pressure. Using this shallow water 
assumption (36) one may write the 
following equation 

(4) 
A term involving the surface tension 
is included, since thin films will be 
considered in which the waves are of 
small enough wave length that surface 
tension will be important and yet 1are;e 
compared with the film thickness. For 
flows in which the shallow water as- 
sumption is valid it might also be as- 
sumed that the only surface stress on 
a liquid area element perpendicular to 
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ah 6 d'h 
-ghs in@-+-h-  ( 5 )  ax: ax3 

When one defines a velocity profile 
prameter J? as 

and makes use of Equation (3) ,  the 
momentum balance becomes 

au, 8% - ae + (2r - l ) u ,  - ax + (r - 1) 

(7 )  
ah 6 ash 

-gsin/3-+-  ax - ax3 

Equation for Small Disturbonces 

In order to determine under what 
conditions roll waves will appear on 
the surface the behavior of a very 
small disturbance in a uniform film 
flow will be examined. An equation for 
such a disturbance may be obtained 
by substituting the following into 
Equations ( 3 )  and (7) : 

u, = us + u,I 
h = K + h '  

- 

pr = p. + P,' 
7 ,  = T w  + Tw' 

T s  = 7 ,  + 78' - 
(8) 

The barred quantities are time aver- 
ages, and the primed quantities are 
the disturbances on the uniform flow. 
The disturbances will be assumed to 
be small enough that second-order 
terms in the primed quantities may be 
neglected. Assuming a fully developed 
How in which the time averaged quan- 
tities are not varying in the x direction 
and making use of the dimensionless 
quantities defined in the nomenclature 
one obtains 
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-+  aw ( 2 r - - i ) - +  aw ( r - 1 ) -  89 
a@ ax ax 

- 
cos p h apg 

+ 7 - -  7:- (11) 

A disturbance described by the real 
parts of the following two equations 
will be studied: 

N ~ , ,  P ~ :  ax 

7 = 8 ez (12) 

(13) 
The quantity CY is a real number, and 
the quantities F and A are small enough 
that second-order terms in them may 
be neglected. The quantity C is an 
imaginary number: 

= A e c  ~ ( x - c  e) 

c=c,+ ic t  (14) 
The meaning of a and C can be seen 
by considering the real part of Equa- 
tion (12):  

7). = 6 em cc "cos[a ( X  - c, 0) ] 
(15) 

This describes a sinusoidal wave of 
amplitude S eaC> ', of velocity C,, and 
of wave length: 

- 
2?rh  

A = -  
a 

If C, is greater than zero, the wave 
amplitude will increase with time; if 
it is less than zero, the wave ampli- 
tude will decrease with time. The con- 
dition of C, = 0 known as neutral 
stability will be used as the criterion 
for the appearance of roll waves on a 
uniform surface. 

If Equations (12) and (13) are 
substituted into Equation (9), the fol- 
lowing relation is obtained between A 
and 6:  

A 1 8  (c-1) (17) 
Equations (12) and (13) will be sub- 
stituted into Equation (11) making 
use of Equation (17) and the result- 
ing expression solved for the case C, 
= 0. However before this can be done 
expressions for T..', p i ,  and T.' must 
be obtained in terms of 7 and o. 

Evaluation of qw and T', 

For disturbances of very long wave 
length the change of height with dis- 
tance is gradual enough that the shape 
of the velocity profile would be closely 
approximated by that for a uniform 
flow. It will therefore be assumed that 
wall shear stress T ~ ,  is related to 21, and 
h in the same manner as for a flow 

without roll waves present. Depending 
on the situation the uniform flow prior 
to the appearance of roll waves may 
be either a steady laminar flow or an 
unsteady flow in which there exists on 
the surface of the water a pattern of 
waves of much smaller length than the 
roll waves. 

For a uniform laminar flow the 
Navier-Stokes equations may be solved 
to yield 

(18) 
For th:: case of free flow, one in which 
there is no gas flow 

-= d p  0 
dX 

rur = h p g  cos (20) 
Substituting Equations (19) and (20) 
into Equation (18) one obtains 

Substituting Equation (8) into Equa- 
tion (21 ) and neglecting second-order 
terms in the disturbances one gets 

Equation (22) may also be written in 
terms of the Froude number by using 
thc expression 

For the case in which air is flowing 
over the liquid surface the pressure- 
gradient term may be eliminated from 
Equation ( 18) through the following 
force balances in the liquid and the 
gas : 

aP 
ax 

h - = ~ ~ + p g h c o s / 3 - ~ ~  (25) 

dP ~ ~ ( 1  + y )  =--  ( b - h )  (26) 
ax 

The term y in the above expression 
arises since the shear stress at the sur- 
face of the liquid, T* ,  might not equal 
the shear stress at the surface without 
liquid, T,,, and is defined by the equa- 
tion 

7" = y 7 s  (27) 
Eliminating rS between Equations 
(25) and ( 2 6 )  and substituting the 
resulting expression for the pressure 
gradient into Equation (18) one gets 
an expression for T,,, in terms of U ,  

and h:  

3 p u ;  

h 
7, = - 

+ p g  h cos B 
( b  - h) 

[ 2 h ( l + r )  + 3 ( h - h )  
(28) 

1 
Using Equation ( 8 )  one may evaluate 
the fluctuating wall shear stress: 

!9) 

For free flow down an inclined 
plane the flow is usually laminar 
under conditions for which roll-wave 
transition occurs. However for small 
inclinations of the plane, that is for 
large P, the flow is turbulent at roll- 
wave transition. For such flows the 
wall shear stress will be taken as 

where the factor A is a function of the 
liquid Reynolds number and the con- 
dition of the surface of the plane. For 
a smooth surface obeying the Blasius 
resistance law 

A = 0.0396 N,,"" (31) 
For a completely rough solid surface 

A = constant x N a e  (32) 

A relation for the fluctuation in the 
shear stress can be obtained from 
Equations (30) and (8):  

T ~ '  2 A  
p ti,,2 N n r  
--- - ( w - 7 )  

d A  
d N,, + 2 - (q + 0 )  (33) 

For situations involving the flow of 
air and a liquid, unsteady flows with 
a wavy structure can exist at much 
lower Reynolds numbers than one 
generally associates with turbulence 
based on knowledge of the free flow 
of liquid films. Colburn (7)  in con- 
sidering the effect of vapor velocity on 
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the performance of condensers sug- 
gested that equations describing the 
velocity distribution for turbulent flows 
near a wall might approximate the 
velocity distribution in film flows. This 
suggestion has been developed by 
Kinney, Abramson, and Sloop (25) 
and by Dukler (12). Experiments 
performed by Hershman (18) in a 
horizontal channel, @ = 90 deg., have 
demonstrated that the hypothesis is 
valid in the region where roll-wave 
transition occurs for such a system. 
For the concurrent flow in a horizontal 
channel with a smooth bottom the 
Colbuni hypothesis suggests that the 
coefficient A is a unique function of 
Reynolds number as in the free flow 
case. However for gas-liquid flows on 
an inclined or a vertical wall the co- 
efficient A would probably be a func- 
tion of Froude number also as is sug- 
gested by Equations ( 2 8 )  and (29) 
and by the calculations of Dukler 
(12). However since experimental 
verification of the hypothesis is avail- 
able only for the horizontal flow, this 
will be the only case treated in this 
paper. 

Velocity data for turbulent flow have 
been correlated by an equation of the 
form 

U 2 = f ( Y + )  (34) 

If this equation is assumed to describe 
the flow in a liquid film 

N,,  = f' f ( y + )  dy' (36) 

Therefore h' is a unique function of 
the Reynolds number. From the defini- 
tion of h' 

rm h+2/Lz  

P h' P2 
-=- 

Comparing Equations (37) and (30) 
one eets 

The fluctuations in the wall shear 
stress can be calculated from Equa- 
tions (33) and (38 ) .  For the calcula- 
tions presented in this paper the veloc- 
ity profile equations presented by 
Deissler (10) were used to evaluate 
the relation between h' and hl,,. The 
details of this calculation are presented 
by Hershman (18). 

Evaluation of r and dr/dX 
The velocity profile parameter r 

can be evaluated from Equation (6) 
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with the velocity profile obtained from 
a solution to the Navier Stokes equa- 
tions for laminar flow or by Equation 
(34) for the unsteady flows treated in 
this paper. For laminar flow 

36 6 7.. h 1 rW2 h' +-- r=---- 
20 20 p u .  30 p2u; 

(39) 

For a free flow substitution of Equa- 
tion (21) yields 

6 
5 

r = -  

Equation (28) and (39) could be 
used to obtain r for a gas-liquid flow. 
The quantity dr/dX can be obtained 
by differentiating the expression for r 
and will be represented by an equa- 
tion of the form 

do d., rd-+ r,,- (41) - 
dr 
dX ax ax 
- _  

If the flow is to be described by 
Equation (34) it can be shown that 

Since h- is a unique function of N R o ,  

then r is also a unique function of N R e .  
Therefore 

Evoluation of dp',/aX 
The pressure changes in a gas flow 

caused by a wavy boundary have been 
calculated by Kelvin and Helmholtz 
(27),  by Jeffreys (21) ,  and more re- 
cently by Miles (31, 32 )  and Benjamin 
( 2 ) .  These theories treat a gas of in- 
finite extent flowing over a wavy liq- 
uid surface. They may be discussed 
by means of an equation of the follow- 
ing form: 

p , ' = 2 ( d + i 1 ) 6 a p u  

The real part of the above would be 

- 
p'a, = u,' 6 a p pa <$ - c, )? 

[ d  cos a ( X  - C,. 6) 

- e s i n a ( X - C C , @ ) ]  ( 4 5 )  

A comparison of this expression with 
Equation (15) for the case of C, = 0 
shows that the factor d is associated 
with the component of the pressure 
which has a minimum or maximum 
when 7 is a maximum and that the 
factor e is associated with the compo- 
nent of pressure which has a maximum 
or minimum when the wave slope is a 
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maximum. By solving the equations of 
motion for the case of zero viscosity 
for a uniform velocity field Kelvin- 
Helmholtz obtained d = - 1 and e = 
0. By considering observations of the 
wind velocity at which waves are gen- 
erated on a water surface Jeffreys 
suggested a value for e of 0.3. Miles 
and Benjamin have presented more 
rigorous derivations for these coeffi- 
cients. The air-water results presented 
in this paper represent a situation dif- 
ferent from that treated in the above 
papers in that the gas phase above the 
liquid is enclosed and is not of infinite 
extent. In fact the wave lengths of roll 
waves which first appeared were large 
compared with the thickness of the 
gas space above them. If the Kelvin- 
Helmholtz analysis were applied to 
the system considered in this paper, it 
would yield 

e = O  

tanh (<) 
For small values of a / H  the above re- 
duces to 

(47) 
01. 

An expression similar to that suggested 
by Kelvin-Helmholtz and by Jeffreys 
can be obtained in a somewhat differ- 
ent way for the experiments con- 
sidered in this paper. Since for these 
experiments the wave length of the 
initial disturbance was quite large 
compared with the thickness of the air 
space, a shallow gas assumption can 
be made similar to that for the liquid 
flow. Proceeding with such an analysis 
the following two equations can be de- 
rived from the momentum balance and 
the mass balance: 
- 
h ap; - - - _  - 

p u.z ax 

do, R ( 2 r , -  1 )  aw, - R - -  - 
ao V ax 

R H  all R ar, 
vz ax v2 ax - ( l - r u )  - - 

v am, aq - _  all v = o  (49) 
H ax ax a@ 

The dimensionless disturbance velocity 
in the gas phase will be assumed to he 

w a -  - Ag e' ') (50) 
Substituting Equations ( 1 2 ) ,  (13) ,  
and ( S O )  into Equation (49) one gets 
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A, = 6 ( - C H ) 

V' 

[2 - (2  + n )  c v + H ]  
( 5 2 )  

Comparing Equations (44) and (52) 
one obtains 

d 
V' 
-(1- 2 V C + V ' C p )  

H 
Q V' 

[r, - 2v c + V' c2] - 

(53) 
e 

V2 
- (1 - 2 v c + VZC') 

( y + 1 ) B N R ~ ~ ,  H 2  
az v2 

- - 

[ 2  - ( 2  + n )  C V  + H ]  (54) 
The shape factor for the gas velocity 
profile r, has a value of about 1.02. 
For ry = 1, Equation (53) is identical 
to Equation (47) .  For C V  and H 
small compared with 2 or r, 

(55) 

(56) 

rQ d = - -  
Q 

2 ( y  + 1) B N R . " , H ~  
e =  

Q 

Evaluation of tr and T ' ~  

If the wave length of the roll waves 
is large compared with the thickness 
of the gas space, the same sort of 
argument can be used to evaluate T ?  

and as were used to evaluate T , ~  and 
T~,,'. Since the gas flow is turbulent, an 
equation of the following form is used 
to represent the surface stress: 

(57) 
r 8  

-= B N R ~ " ,  
pn t12g,z 

If Equations (8)  are substituted into 
Equation (57) and if second-order 
terms are neglected 

p Z L 2  V 
rs' ( 2  + n )  B R 

-= NR?, w ,  

n B R H  
V2 

- N R ~ " ,  7 ( 5 8 )  

ROLL-WAVE TRANSITION FOR 
FREE FLOWS 

The equations which have been de- 
veloped become greatly simpIified for 
free flow down an inclined planei 
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since 

If Equations (12), (13), (22), (40), 
and (59) are substituted into Equation 
( 11 ) , the following expression is ob- 
tained for a situation with laminar 
flow: 

3i cosp + 
N N2p3 

sin p 
N Y I  

-__- a'N,,.  1 - 0  (60) 

By equating the real and the imagin- 
ary parts of the above expression to 
zero two equations are obtained. For 
the case of C, = 0 

c, = 3 (61) 

Substituting for C, one obtains the fol- 
lowing expression for neutral stability 
condition: 

These results compare favorably with 
the results obtained by Benjamin (1 )  
from a solution of the Orr-Sommerfeld 
equation for small values of CY N,,, 
thereby giving support to the approxi- 
mate analysis with integral equations. 
Restating his criteria for transition in 
the nomenclature used in this paper 
one gets 

c, = 3 

For flow down a vertical wall Equa- 
tions (61) and (62) are applicable 
with 

c, = 3 

3 
N,, = - 

a' 

Making use of Equations (24) and 
(16) one can write the above criterion 
in an alternate form: 

For water of 1 centipoise the above 
equation becomes 

Nice"' = 63.9 X 10' (7)' - (68) 

This expression is plotted in Figure 2. 
It will be noted that although the val- 
ues of i /h are large, the wave length 
A is small enough for surface tension 
to be having an effect. The region 
above the curve is the region in which 
disturbances will be amplified. Equa- 
tion (68) predicts for a given Reyn- 
olds number the minimum wave length 
for unstable disturbances. Binnie ( 3 )  
has studied the initiation of waves on 
a water film flowing down the outside 
of a long vertical tube. He found that 
transition occurred at N,,, = 4.4 with 
waves having C, = 3.5 and k/h = 
102. If N,, = 4.4 is substituted into 
Equation (68),  a value of A/% = 74 
is calculated. The observed wave vc- 
locity and wave length are in approxi- 
mate agreement with the theory pre- 
sented; however the theory does not 
predict any definite transition condi- 
tion. Equations (67) and (68) do not 
predict a minimum value of N R e ;  they 
merely limit the range of values of 
wave length of unstable disturbances. 
Numerous other investigators (20) 
have examined this transition for a 
wide variety of liquids and reported 
critical values of N,2, ranging from 1.6 
to 6.2. Benjamin ( I )  has explained 
the observed critical Reynolds num- 

R e  

Fig. 2. Neutral stability curve for film flow down a vertical wall. 
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bei-s by the fact that at small Reynolds 
numbers the growth rate of unstable 
disturbances is so small that they did 
not grow to a large enough size to be 
observed in the experimental setups 
used. Kapitza ( 2 3 )  has carried out a 
second-order solution to the problem 
in that he kept terms of order 8'. He 
calculated the surface energy of the 
predicted wave train and found that 
the surface energy decreased with in- 
creasing wave length, went through a 
minimum, and then increased with in- 
creasing wave length. Kapitza inter- 
peted the increase of surface energy 
at large wave lengths as resulting from 
a wrinkling of the crests of the waves. 
He reasoned that snch waves would 
be unstable and suggested that the 
wave length at which this minimum 
in the surface energy occurred would 
be an upper limit for the disturbance 
wave length. On this basis 

1 i 111 i t 

If this is substituted into Equation 
(67), the critical condition becomes 

For water of l-centipoise transition is 
predicted at N,, = 5.0." This is in 
good agreement with experiment. 
However owing to the approximate 
nature of the solution upon which 
Kapitza's observations are based his 
theory is not conclusive despite the 
agreement with experiment. The ques- 
tion as to whether a critical Reynolds 
number exists for roll-wave transition 
on free vertical films has not been 
answered conclusively. Within the 
limits of linearized stability theory 
Benjamin's conclusions are valid if he 
has accounted for all the physical vari- 
ables of the problem.? Whether finite 
disturbances .introduced by the liquid 
entry is responsible for the observed 
critical Reynold's numbers is not yet 
known. 

ROLL-WAVE TRANSITION 
CONCURRENT GAS-LIQUID FLOW 

Equation (11) with sin /3 = 1 and 
cos /3 = 0 may be used to predict the 
conditions for roll-wave transition for 
concurrent gas-liquid flow in a hori- 
zontal plane. Equations (12) and (13) 
are substituted for 7 and o, Equation 
(44) for pg', Equation (58) for T ~ ' .  

The average pressure gradient dTg/& 
is related to the average surface shear 

~ 

* Kapitza obtained N R ~  = 5.8 at transition 
from his stability criterion. 

i Sternling and Barr-David discuss this point 
in n recent manuscript submitted to the A.1.Ch.E. 
Jour7zaE. 

stress, by Equations (26) and (27). 
For roll-wave transition over an un- 
steady surface Equations (Ad), (381,  
(42),  and (42) are used to calculate 

T,', r, and d r / d X .  Making these sub- 
stitutions one obtains the following 
equations for the case of Ci = 0:  

c, = 
2 

Nze d A  I+-- 
A d N m  

Fig. 3. Waves on water surface as NnBl  in- 
creased. 

2= 1 + ( y +  1) H (73) - 
7 s  

c,' c C, (- 2 r  - r , )  + r 

-a a N,,  = 0 

It is to be noted that only the pressure 
component in phase with the wave 
slopes affects the wave velocity. On 
the other hand this pressure compo- 

(74) 

nent affects the stability condition, 
Equation ('/4), only because of its 
eitect on velocity. Since this effect is 
relatively small, the above analysis in- 
dicates thbt only the pressure compo- 
nent in phase with the wave amplitude 
is important in determining roll-wave 
transition. For small H and V Equation 
(71) and (73) become 

c, = 2 + (Y + 3 )  (75) 
N m  d A 

1+-- 
A d N , ,  

a R d  
V2 

a 2 N w e  = 0 (76) 

It is of interest to examine these two 
equations in the limit as H + 0. This 
would be obtained as N,, + 0. For 
this limit 

c, = 2 (77)  

( 7 8 )  
The pressure fluctuation in phase with 
the amplitude arises because of the 
changes of velocity in the gas phase. 
When the amplitude is a maximum, 
the gas velocity has increased and the 
pressure has decreased. Therefore it 
may be viewed as a suction on the 
wave crests. Equation (78) expresses 
a balance between this suction and the 
restoring force due to gravity and sur- 
face tension. If Equation (46) is used 
for d, Equation (78) may be written 
i lS  follows: 

- 
The minimum ugu according to Equa- 
tion (79) is when A = 1.70 cm. for 
an air-water system with a b of 1 in. 
The critical T9,, is 21.9 ft./sec. How- 
ever the wave length of the roll waves 
observed at transition are much larger 
than 1.70 cm. Therefore it is not to 
be expected that Equation (79) repre- 
sents a proper limit for the experi- 
mental measurements reported in this 
paper. As has been mentioned earlier 
in the paper a shallow gas assumption 
appears to be in closer agreement with 
observations. If the coefficient d is de- 
fined by Equation (55) and if the ef- 
fect surface tension is neglected, the 
transition gas velocity is given as 

VOl. 7 ,  No. 3 A.1.Ch.E. Journal Page 493 



L 

K W 
m 
f 
ul 

$ 
2 10 

s ul 

CALCULATED FOR 1.1 CENTIPOISES 

101 I02 I 03 

Fig. 4. Roll-wave transition for water and glycerine-water 
solutions. 
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For the conditions of the experiments 
reported in this paper this would give 
u,, = 50 ft./sec. and 

If Equations (28), (29) ,  and (39) 
are used for r W ,  rw’, and r with cosp 
= 0 and sin B = 1, then equations 
analogous to (71),  (72) ,  (74) can be 
derived for roll-wave transition over a 
smooth horizontal surface. The limit- 
ing solution for H + 0 is the same as 
for roll-wave transition over an un- 
steady surface. 

- 
= 24,500. 

MEASUREMENTS OF GAS-LIQUID 
ROLL-WAVE TRANSITION 

Experiments were carried out to 
study the roll-wave transition for a 
horizontal air-liquid flow with liquids 
whose viscosities varied from 1 to 6.60 
centipoises and whose surface tensions 
varied from 35 to 75 dynedcm. This 
was accomplished by using glycerine- 
water solutions and butanol-water 
solutions. Measurements were also ob- 
tained with 0.0005 to 0.01% solutions 
of sodium lauryl sulfate. The details of 
the experiments are described by 
Hershman ( 1 8 ) .  They were conducted 
in equipment designed by Hanratty 
and Engen ( 1 5 ) .  Liquid and air 
flowed concurrently in a 20 ft. long by 
1 ft. wide by 1 in. high horizontal 
rectangular channel made of Plexiglas. 
Roll-wave transition was determined at 
fixed liquid rates by varying the gas 
rate. Transition was noted by the ap- 
pearance of waves of the type shown 
in Figure 7 of reference 15. A series 
of overhead flash photographs showing 
the change of surface structure for an 
air-water flow are shown in Figure 3. 
The roll waves appeared to form very 
close to the entry, and they covered 
very nearly the whole breadth of the 
channel. Changes in the design of the 
liquid entry did not affect the transi- 
tion conditions ( 3 0 ) .  No significant 
difference was noted in the surface 
structure between the runs with water 

I02 103 
LIQUID REYNOLDS NUMBER NRe 

Fig. 5. Effect of surface tension and surface active agent on 
roll-wave transition. 

and the runs with butanol solutions. 
However in the runs with solutions of 
sodium lauryl sulfate the surface was 
completely smooth and the flow was 
determined to be laminar by tracer 
studies ( 1 8 )  at the roll-wave transi- 
tion. 

The average liquid height was de- 
termined by a technique similar to 
that used by Von Rossum (38). It 
consisted of measuring the electrical 
resistance of a length of the liquid 
film (17). The resistance measure- 
ments were compared with a calibra- 
tion curve obtained from systems on 
which there were no surface disturb- 
ances. Although experiments conducted 
in a pan of water indicated no marked 
difference in the readings with and 

without a disturbed surface, the film 
heights reported in this paper are pos- 
sibly open to errors of the magnitude 
of the surface waves. The value of y 
was calculated from the distortion of 
the gas velocity profile (15, 1 8 ) .  The 
coefficient y had a value of unity when 
the liquid surface was smooth and was 
as low as 0.4 for some of the disturbed 
surfaces. For some runs y was deter- 
mined from measurements of the ve- 
locity profile in the gas flow; however 
for most of them it was calculated by 
comparing pressure drops measured 
with liquid flowing to those measured 
in a dry channel. The details of this 
calculation are presented by Hersh- 
n a n  ( 1 8 ) .  The shear stress at the liq- 
uid surface T, was calculated with 

TABLE 1. ROLL-WAVE TRANSITION ON A ROUGH SURFACE 

H R  - C* N R I  N F I  

N R s  N R e g  ( ft./sec. ) Va ( calc. ) ( calc. ) (exp. ) 
us* 

Liquid-water 
p = 62.4 lb./cu. ft. p = 1.08 centipoise 

124 18,700 2.45 0.093 1.669 2.61 2.73 

468 12,100 2.27 0.097 1.554 2.08 1.93 
316 13,200 2.29 0.102 1.606 2.10 1.97 

Liquid--18.8% glycerine in water 
p = 64.6 lb./cu. ft. p = 1.70 centipoise 

80 19,600 2.72 0.135 1.773 2.21 2.39 
205 14,000 2.36 0.123 1.714 1.83 1.87 
306 12,100 2.33 0.114 1.684 1.77 1.76 

Liquid-36.0% glycerine in water 
p = 67.4 lb./cu. ft. p = 2.60 centipoise 

68 18,200 2.94 0.231 1.830 1.73 1.80 
138 16,000 2.76 0.219 1.811 1.52 1.62 
204 13,000 2.52 0.241 1.814 1.37 1.37 

Liquid-55.3% glycerine in water 

p = 70.3 lb./cu. ft. p = 6.60 centipoise 
27 19,200 3.39 0.903 2.023 0.95 1 .oo 
53 18,400 3.52 0.605 2.012 1.06 1.20 
79 17,000 3.46 0.432 2.000 1.11 1.38 

Liquid-3.65% butanol in water 
p = 62.4 lb./cu. ft. p = 0.99 centipoise 6 = 37.0 dynes/cm. 

174 15,500 2.35 0.100 1.687 2.16 2.16 
426 11,800 2.22 0.100 1.568 2.07 1.78 
514 11,400 2.20 0.091 1.541 2.08 1.78 
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TABLE 2. ROLL-WAVE TRANSITION ON A SMOOTH SURFACE 

H R  
r C ,  N P V  Nrv - U,* 

N R e  NHco (ft./sec.) v" (calc. ) ( calc. ) ( calc. ) ( exp. ) 
Liquid-O.O005% sodium lauryl sulfate in water 

p = 62.4 lb./cu. ft. p = 1.02 centipoise 
169 20,400 2.23 0.100 1.327 2.110 1.90 2.75 
329 17,900 2.18 0.080 1.324 2.145 1.75 2.75 
552 15,000 2.12 0.064 1.320 2.195 1.57 2.66 

Liquid-0.010% sodium lauryl sulfate in water 
P = 62.4 lb./cu. ft. u = 1.06 centipoise 

320 21,100 2.28 0.084 
397 19,900 2.30 0.074 
530 18,400 2.37 0.066 

Equation (28) with measurements of 
the pressure gradient, the film height, 
and the distortion factor y. 

Data from runs with water and 
water-glycerine solutions are presented 
in Figure 4. The effect of increasing 
the fluid viscosity is to decrease slightly 
the gas velocity required for transition 
to roll waves. Theoretical curves for 
transition with water are presented, 
for the case of P,' = 0 and for P,' de- 
fined by Equations (44) and (55). 
There is a marked difference between 
the two theoretical curves. The curve 
with P,' = 0 goes to infinity as the liq- 
uid Reynolds becomes smaller, while 
the theoretical curve with P,' + 0 goes 
to the asymptotic solution described 
by Equation (SO). Comparison of the 
experimental data with theory not 
only supports the theory but also 
clearly indicates the important role 
which gas phase pressure fluctuations 
were playing in the experiments re- 
ported. Although not shown in Figure 
4 calculations for larger viscosities than 
water show the same trend as indi- 
cated by the data. At lower liquid 
Reynolds numbers the low viscosity 
and high viscosity calculations come 
into the same asymptote. As the liquid 
Reynolds number is increased, the cal- 
culated curve with a high viscosity 
fans out below the calculations for 
water. Data for butanol solutions and 
for solutions of sodium lauryl sulfate 
are shown in Figure 5. The theoretical 
line for water is replotted from Figure 
4. Comparison of the data in Figures 
4 and 5 shows that a decrease in the 
interfacial tension did not affect the 
transition markedly. The addition of 
the surface active agent sodium lauryl 
sulfate not only decreases the surface 
tension but also increases the surface 
viscosity (5 ,  6, 1 3 ) .  It  is this increase 
in the surface viscosity which is respon- 
sible for the damping of surface dis- 
turbances. The data presented in Fig- 
ure 5 show that the addition of surface 
active agents inhibit slightly the roll- 
wave transition; however it is apparent 
that roll waves are not affected so 

1.s25 2.133 1.92 3.24 
1.324 2.148 1.75 3.29 
1.320 2.183 1.64 3.20 

much by the addition of surface active 
agents as are other types of waves. 

The comparison of theory and ex- 
periment in Figure 4 depended on the 
assumption of a relation between the 
gas phase friction factor and liquid 
Reynolds number and of the velocity 
profile distortion coefficient y and liq- 
uid Reynolds number. A more direct 
comparison is made in Tables 1 and 2, 
where the conditions at roll-wave 
transition are tabulated and calculated 
Froude numbers are compared with 
measured Froude numbers. For the 
runs listed in Table 1 the Froude num- 
bers were calculated with Equations 
( 7 5 )  and (76). Satisfactory agreement 
between theory and experiment was 
obtained. For the runs listed in Table 
2 theoretical equations developed for 
roll-wave transition over a smooth sur- 
face were used. Transition occurred at 
higher Froude numbers than pre- 
dicted. The exact reason for this lack 
of agreement is not known. Since the 
transition occurred over a smooth un- 
disturbed surface, it might be that a 

length of channel is needed for the 
initial growth of small disturbances. 
Likewise the surface film could inhibit 
the initial growth of disturbances. 

Calculated wave velocities are com- 
pared with measured wave velocities 
in Table 3. The velocity was measured 
by timing the travel of a wave over a 
given length with a stop watch and is 
therefore accurate to about 10%. 
There is approximate agreement be- 
tween the calculated and the meas- 
ured values; however the measured 
velocities appear to be somewhat 
higher. This could be explained by the 
fact that the calcuIations are based on 
waves of infinitesimal size at the neu- 
tral stability condition. Observed waves 
are of finite size and are at gas veloci- 
ties larger than those at neutral sta- 
bility. 

In comparing experimental and cal- 
culated roll-wave transitions in Table 
1 the Froude number at transition 
was calculated from experimental val- 
ues of H ,  V ,  Nn.,  y and HR/V2.  It 
might be questioned that the agree- 
ment between experiment and theory 
resulted from the fact that calculated 
and experimental Froude number 
would be the same for almost any pos- 
sible set of experimental conditions, 
since so many experimental measure- 
ments were used in the calculations. 
Table 4 has been constructed to illus- 
trate that this is not the case. Experi- 
mental conditions during a run to de- 
termine the roll-wave transition are 
tabulated. The Froude number for 
transition calculated for each of the 
sets of experimental conditions is pre- 
sented. Prior to transition the meas- 
ured Froude number is below that 
predicted by theory; it becomes larger 

TABLE 3. ROLL-WAVE VELOCITIES 

N R s g  

NHeg (for velocity Ua 

N R ~  (at transition) measurement) (ft./sec.) 

Liquid-water 
p = 62.4 lb./cu. ft. p = 0.93 centipoise 

543 12,200 12,900 0.942 
370 13,600 14,200 0.810 
186 16,900 19,700 0.863 

Liquid-3 to 5.0% butanol in water 
p = 62.4 lb./cu. ft. p = 1.03 centipoise 

354 12,800 12,800 0.785 
354 12,800 13,500 0.814 

Liquid-53.0 to 55.3% glycerine in water 
p = 70.3 lb./cu. ft. p = 6.60 centipoise 

53 18,400 18,500 0.542 
40 18,900 18,900 0.504 
27 19,200 19,200 0.378 

Liquid-0.0005% sodium lauryl sulfate in water 
p = 62.4 lb./cu. ft.  p = 0.90 centipoise 

562 15,400 18,600 1.46 
453 15,900 18,600 1.35 
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CR 
(exp. ) 

1.6 
1.9 
2.2 

1.6 
1.5 

2.3 
2.4 
2.9 

2.1 
2.3 

CR 
( calc. ) 

1.52 
1.57 
1.46 

1.54 
1.59 

2.03 
2.02 
2.04 

2.18 
2.21 
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than that predicted by theory after 
the observed transition condition. 

WAVE FORMATION IN FILM 
COOLANTS 

Visual experiments have been car- 
ried out by Kinney, Abramson, and 
Sloop (25) and by Knuth (26) to de- 
termine when long wave length dis- 
turbances will appear on liquid-coolant 
films on the inner surfaces of horizon- 
tal tubes containing a high velocity air 
stream. The experiments by Kinney, et 
al. were conducted in 4- and 2-in. 
tubes over a gas Reynolds number 
range of 4.1 X 10 to 29 x 10 with 
water, water-detergent solutions, and 
aqueous ethylene glycol solutions. 
Knuths experiments were conducted 
in a 3-in. tube over a gas Reynolds 
number range of 3.07 x 10' to 5.95 
x 10'. These experiments showed that 
liquid Reynolds numbers at transition 
to roll waves are independent of the 
gas Reynolds number over the range 
investigated but depend on liquid vis- 
cosity in that the lower liquid Reyn- 
olds number required the higher the 
liquid viscosity. For water the transi- 
tion occurred at a liquid Reynolds 
number of about 30, and for a liquid 
with a viscosity about 21/2 times as 
large as water transition occurred at a 
liquid Reynolds number of about 10. 

These experiments are at much 
higher gas velocities than used in the 
experiments reported in this paper. In 
fact they would be in the region asso- 
ciated with the limiting solution given 
by Equations (77) and (78). How- 
ever the calculated results presented 
in this paper should not be applicable 
to the film coolant studies owing to 
marked differences in the geometry of 
the two systems. For the runs inside a 
horizontal tube there could exist a 
variation of the thickness of the liquid 
film around the circumference of the 
tube. Even more of a difference is the 
fact that the component of gravity 
normal to the surface of the liquid 
varies from +g at the bottom to zero 
at the sides to -g at the top of the 
tube. On the bottom of the tube grav- 
ity acts as a stabilizing influence, 
whereas on the top it acts as a de- 
stabilizing influence. Whereas surface 
tension need not be affecting waves on 
the bottom, it has to be influencing 
waves on the top since it is the only 
restoring force there. Therefore it ap- 
pears that the character of the transi- 
tion process should vary depending on 
the portion of the tube circumference 
considered. Long crested two-dimen- 
sional roll waves of the type obtained 
in the experiments reported in this 
paper would not be expected. In fact 
photographs presented by Kinney, et 
al. indicate them to be short crested. 

TABLE 4. SUMMARY OF CONDITIONS 
DURING A RUN TO DETERMINE 

ROLL-WAVE TRANSITION 

Liquid-water W = 0.229 lb./sec. 

N F ~  
p = 62.4 lb./cu. ft. 

HH ( calc. ) 
- NPr for insta- 

N R ~  N H ~ ~  V3 -. (exp.) bility) 

338 
338 
338 
338 
328 
328 
325 
322 
319 
319 
316 

4,080 
6,120 
7,630 
9,0580 

10,700 
12,100 
13,300" 
14,600 
16,200 
17,400 
19,600 

0.20 0.548 1.32 
0.19 0.720 1.43 
0.19 0.877 1.52 
0.151 1.13 1.72 
0.128 1.43 1.88 
0.127 1.76 1.97 
0.102 1.96 2.10 
0.082 2.39 2.31 
0.055 3.28 2.65 
0.045 3.74 3.02 
0.031 4.85 3.25 

* Indicates the flow condition at which transi- 
tion was observed. 

The prediction of the influence which 
such waves would have on the pres- 
sure fluctuations in the gas phase is at 
present unknown. It is quite likely that 
the pressure fluctuations would be 
smaller than predicted by Equations 
(44),  ( 5 5 ) ,  and (56). 

If one assumed that there were no 
circumferential flow in the liquid and 
that the liquid film is thin, then the 
two-dimensional analysis for the liquid 
might approximate the behavior of the 
liquid at some portion of the circum- 
ference of the tube. For such an analy- 
sis cos j3 = 0, and sin p would vary 
from $1 at the bottom portion of the 
circumference to 0 at the sides to -1 
at the top. If a portion of the bottom 
half of the tube were observed and if 
the pressure fluctuations in the gas 
phase were neglected, then one would 
expect a curve of the form of the 
theoretical curve for P,' = 0 in Figure 
4. The magnitude of gas Reynolds 
numbers could be different from those 
represented in Figure 4 depending on 
the value of sin p and the tube diame- 
ter. At very high gas Reynolds num- 
bers the curve steepens considerably 
and shows small change in the liquid 
Reynolds number for transition for 
relatively large changes in the gas 
Reynolds number. The stability curve 
would be displaced downward and to 
the left for a liquid of higher viscosity. 
Therefore if observations were made 
over a fixed gas Reynolds number 
range, the fluid of high viscosity would 
show transition at a lower liquid 
Reynolds number. 

SUMMARY 

Roll-wave disturbances of the type 
noted in the free flow of a liquid in an 
inclined channel can be obtained in 
the concurrent flow of a gas and a liq- 
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uid. These disturbances might be con- 
sidered as surges in the volumetric 
flow which arise because of a natural 
instability in the flow. An approximate 
theory proposed by Jeffreys to predict 
the transition to roll waves has been 
extended to include gas-liquid flow and 
more general flows in the liquid. A 
comparisoii of this theory with an 
exact solution for free flow down a 
vertical plane gives satisfactory agree- 
ment. The extension of the theory of 
Jeffreys also is in good agreement 
with measured transitions for the con- 
current flow of air and water, water- 
glycerine solutions, and water-butanol 
solutions, for which the transition oc- 
curs over a wavy surface. The addition 
of a surface active agent to the water 
completely dampens out this wavy 
structure but does not eliminate the 
transition to roll waves. The poor 
agreement of theory with transition 
data for solutions of surface active 
agents is not entirely explained. In 
treating the transition over a wavy 
surface it was assumed that the veloc- 
ity distribution for turbulent flow near 
a wall is the same as the velocity dis- 
tribution in the liquid film. This as- 
sumption has been checked by Hersh- 
man (1 8) . In considering gas-liquid 
flows the effect of the fluctuation of 
the liquid surface on the gas flow was 
considered, and it was found that 
fluctuations of the pressure of the gas 
in phase with the maxima or minima 
in the liquid height are important. 
However these pressure fluctuations 
might not be affecting the transition 
noted in film-cooling experiments. The 
theory proposed by Lighthill and 
Whitman gives the same results as that 
of Jeffreys. This is discussed in an- 
other paper (16). 
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NOTATION 

A =  

b =  

B =  

c =  
c, = 

b-h = 

c, = 

function of Reynolds num- 
ber for unsteady liquid flows 
equal to r,h/2 P U ,  
height of the channel 
height of the gas phase 
coefficient defined by Equa- 
tion (57)  
dimensionless complex wave 
velocity 
actual dimensionless wave 
velocity, real part of the 
complex wave velocity 
imaginary part of the di- 
mensionless complex wave 
v e 1 o c i t y 
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coefficient defined by Equa- 
tion (44) 
coefficient defined by Equa- 
tion (44) 
acceleration of gravity 
instantaneous height of the 
liquid 
time average height of the 
liquid 
fluctuation in the liquid 
height 
equal to hue p / p  
equal to 72 ( b  -h, 
exponent defined in Equa- 
tion (57) 
Froude number, iu/ (gz) 
liquid Reynolds number, _ _  
h P I P  
gas Reynolds number, ( b  - 

Weber number, b /h  pu.’ 
pressure in the liquid 

= instantaneous pressure in the 

- _  
h )  uw ~ o / ~ c L s  - _  

gas 

gas 

the gas 

= time average pressure in the 

= fluctuation in the pressure in 

= density ratio, p u / p  
= instantaneous velocity in the 

liquid in the x direction a t  
a given value of y 

= mixed average velocity in 
the liquid flow equal to 
1 P I  

= time average of u, 
= fluction in the velocity u. 
= friction velocity equal to 

= instantaneous velocity in the 
gas in the x direction at a 
given value of y 

= mixed average velocity in 
the gas equal to 

(720 / p )  

, P D  9 u*dy ( b - h )  
= time average of ugo 
= fluctuation in 11,. 

= velocity ration ug/ug, 
= coordinate parallel to the di- 

rection of mean flow 
= dimensionless distance equal 

= coordinate perpendicular to 

= dimensionless distance equal 

- -  

to x/h 
the direction of mean flow 

to y u’ p / p  

l h  
equal to 7 I u’dy 

h u, 
= coefficients defined by Equa- 

= gas velocity profile factor 
tion (41) 

equal to 
1 PO I 9, +Y ( b  - h)uaga 

= amplitude coefficient in 
EGation (12) 

Equation (13) 

Equation (50) 

height equal to h‘/% 

= amplitude coefficient in 

= amplitude coefficient in 

= dimensionless fluctuating 

= time 
= dimensionless time equal to - -  6 

he/u. 
x = wave length 
P 
PQ 
P 
Pn 
6 = surface tension 
IS = instantaneous stress at the 

interface 
T*  = time average shear stress at 

the interface 
7 8  = fluctuation in shear stress at 

the interface 
7 0  = average shear stress at the 

top wall of the channel 
7 w  = instantaneous shear stress at  

the bottom wall of the chan- 
nel 

= time average shear stress at 
the bottom wall of the chan- 
nel 

7 W  = fluctuation in the shear 
stress at the bottom wall of 
the channel 

0 = dimensionless velocity fluc- 
tuation in the liquid equal 
to u;/U, 

up = dimensionless velocity fluc- 
tuation in the gas equal to 
u‘,./u, 

= viscosity of the liquid 
= viscosity of the gas 
= density of the liquid 
= density of the gas 

- 

- 

- 
7- 

- 
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